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Regression with ARIMA errors
Dynamic harmonic regression

Stochastic and deterministic trends
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Regression with ARIMA errors

Regression models

Y= 0Bo+ BiXqe+ -+ BrXpt *+ €t

m y; modeled as function of k explanatory variables X1 ¢, ..., X .
m In regression, we assume that &; is WN.
m Now we want to allow ¢; to be autocorrelated.



Regression with ARIMA errors

Regression models

Ve = Bo* PiXae* -+ BeXpt * €t

m y; modeled as function of k explanatory variables X1 ¢, ..., X .
m In regression, we assume that &; is WN.
m Now we want to allow ¢; to be autocorrelated.

Example: ARIMA(1,1,1) errors

Yi = Do+ PiXae+ - ’;’M@
(1— $:B)(1 — B)fpg= (1+ 6:B)z,

where ¢ is white noise.
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Residuals and errors

Example: 7, = ARIMA(1,1,1)

Ve = o+ 51X1,t Wooow ﬂka,t + 1, veazess ima
(1 — ¢1B)(1 — B)77t = (1 i 915)&, | nuevae Hon
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Residuals and errors

Example: 7, = ARIMA(1,1,1)

Ve = Bo* BiXag + -+ BrXee * e, vegre=s oA
(1= BT =B = (14 01B)er,  avova bion

m Be careful in distinguishing n; from &;.
m Only the errors ¢; are assumed to be white noise.
®m In ordinary regression, n; is assumed to be white noise and so]rﬁ; ng

) 1/ tJe ’VVQL/J
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If we minimize 3 »? (by using ordinary regression):

Estimated coefficients fy, ..., 3¢ are no longer optimal as
some information ignored; Corsistond bok vt ebhrciant

the coefficients) are incorrect.
p-values for coefficients usually too small (“spurious
regression’’). o

AIC of fitted models misleading. o
Luferent

Statistical tests associated with the model (e.g., t-testsﬂ
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If we minimize 3 »? (by using ordinary regression):

Estimated coefficients 3o, . . ., 3, are no longer optimal as
some information ignored;

Statistical tests associated with the model (e.g., t-tests on
the coefficients) are incorrect.

p-values for coefficients usually too small (“spurious
regression’”’).

AIC of fitted models misleading.

m Minimizing <7 avoids these problems. e
= Maximizing likelihood similar to minimizing =e?. |~~~
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Stationarity
vt o de  awplet cace
Regression with ARMA errors

Vi = Bo+ BiXae * - -+ BrXet + N,

where 7, is an ARMA process.

m All variables in the model must be stationary.
m If we estimate the model while any of these are non-stationary, the

. . . d
estimated coefficients can be incorrect. unless they ene axinfegrate
ETR 2200, ETF 5202, £TCR4SO

m Difference variables until all stationary. ETF 5320 €Te 53U

m If necessary, apply same differencing to all variables. 0 G D

£ Uew s
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Stationarity

Model with ARIMA(1,1,1) errors

yt = BO + B1X1,t +...+ ﬁkxk,t +@/— won- fla Ho WB’
(1— 3:B)(1 — B)ne = (1+ 6:B)ey,
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Stationarity

Model with ARIMA(1,1,1) errors

vy W Ve = BO + ﬁ1X1,t + ...+ ﬁkxk,t +@/— won- rfa Ho WS‘
o (1 — $B)(1 — By = (1 + 64B)e,

Equivalent to model with ARIMA(1,0,1) errors

R VimBiie oo % Bt ohe cocflients choy
Akt
&\ (1= ¢4B)g; = (1+ G1B)ey, il
d;Haemld ervoy

where y; = i — Vi1, Xp; = Xeji — Xe_a; @nd g = ne — ne1.

B will dako cmve of s
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Regression with ARIMA errors

Any regression with an ARIMA error can be rewritten as a regression
with an ARMA error by differencing all variables with the same

differencing operator as in the ARIMA model. fe\ﬂwm?
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Regression with ARIMA errors

Any regression with an ARIMA error can be rewritten as a regression
with an ARMA error by differencing all variables with the same
differencing operator as in the ARIMA model.

Original data

Y= Bo+ BiXqe + -+ PrXpt + 1t
where ¢(B)(1 — B)@nt = 0(B)s;
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Regression with ARIMA errors

Any regression with an ARIMA error can be rewritten as a regression
with an ARMA error by differencing all variables with the same
differencing operator as in the ARIMA model.

Original data

Y= Bo+ BiXqe + -+ PrXpt + 1t

where ¢(B)(1 — B@nt = 0(B)s;
After differencing all variables
s Lgh\(\,\;kjv:h:ikw"' yé = 61)({'71: + ...+ /Bk’x;?,t + ’r]{, & Lets of J/"H’W@"‘C/\“K

where ¢(B)r; = 0(B)ey,
vi=(1- B)dys, == Bf@x,-,t, and 7} = (1— B)?y,
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Regression with ARIMA errors

m In R, we can specify an ARIMA(p, d, g) for the errors, and d levels

of differencing will be applied to all variables (y, X1+, .. ., Xg.t)
during estimation. ARMACY~ 2%, 4 paq0)) auh mated

m Check that <; series looks like white noise.
skU cannot G porve Lot moslede

m AlCc can be calculated for final model. — ", "\, "~
m Repeat procedure for all subsets of predictors to be considered,

and select model with lowest AlCc value. — .. il podod v (orets bk
Y SR L?A‘W,A-e,d in ditHeremwn
GF requived)
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m To forecast a regression model with ARIMA errors, we need to forecast
the regression part of the model and the ARIMA part of the model and
combine the results.

m Some predictors are known into the future (e.g., time, dummies).

m Separate forecasting models may be needed for other predictors.

m Forecast intervals ignore the uncertainty in forecasting the predictors.
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Dynamic harmonic regression g dymomaics. [n dutes

,-Pouvie/{ + F‘CC&W"VZ
S piecewie + ARImA

- «[h)uv\u -+ placewise + ARIMA
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Dynamic harmonic regression

« Uged g (et f]'w covtcwu"wa,
Combine Fourier terms with ARIMA errors

Advantages
m it allows any length seasonality; ~€p presentebons (L Peminpnla Heeddts (ceckty )
m for data with more than one seasonal period, you can include Fourier
terms of different frequencies; b (dwrly  vekty, mnnunt)
m the seasonal pattern is smooth for small values of K (but more wiggly
seasonality can be handled by increasing K);

m the short-term dynamics are easily handled with a simple ARMA error.
* X § pmedph Tourier I [ovpes | A2 1IMA for clioder

Disadvantages
m seasonality is assumed to be fixed
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Eating-out expenditure

aus_cafe <- aus_retail |> filter(
Industry == "Cafes, restaurants and takeaway food services",
year (Month) %in% 2004:2018
) |> summarise(Turnover = sum(Turnover))

aus_cafe |> autoplot(Turnover)
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Eating-out expenditure

fit <- aus_cafe |> model(

K = 17 = ARIMA(log(Turnover) ~ fourier(K = 1) + PDQ(0,0,0)),
K = 27 = ARIMA(log(Turnover) ~ fourier(K = 2) + PDQ(0,0,0)),
K = 3 = ARIMA(log(Turnover) ~ fourier(K = 3) + PDQ(0,0,0)),
"K = 4° = ARIMA(log(Turnover) ~ fourier(K = 4) + PDQ(0,0,0)),
K = 5° = ARIMA(log(Turnover) ~ fourier(K = 5) + PDQ(0,0,0)),
"K = 67 = ARIMA(log(Turnover) ~ fourier(K = 6) + PDQ(0,0,0)))

glance(fit) |> select(.model, sigma2, log_lik, AIC, AICc, BIC)

.model sigma2 log_lik AIC AlCc BIC

K=1 0.002 317 -616 -615 -588
K=2 0.001 362 700 -698  -661

K=3 0.001 394 763 761 -725

K =4 0.001 427 -822 -818 TN

K=5 0.000 474 919  -917 -875| Hew ewe vary clow
K=6 0.000 474  -920 [-918| -875
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Eating-out expenditure

Log transformed LM w/ ARIMA(2,1,3) errors, fourier(K = 1)
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Eating-out expenditure

Log transformed LM w/ ARIMA(5,1,1) errors, fourier(K = 2)
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Eating-out expenditure

Log transformed LM w/ ARIMA(3,1,1) errors, fourier(K = 3)
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Eating-out expenditure

Log transformed LM w/ ARIMA(1,1,5) errors, fourier(K = 4)
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Eating-out expenditure

Log transformed LM w/ ARIMA(2,1,0) errors, fourier(K = 5)
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Eating-out expenditure

Log transformed LM w/ ARIMA(0,1,1) errors, fourier(K = 6)
wuch fosr cowpUieated
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TTwo wouys of mosleling Heend
Stochastic and deterministic trends
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Stochastic & deterministic trends

Deterministic trend

Vi = Bo + Bit + 1
where 7; is ARMA process.  lewes shobonany.
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Stochastic & deterministic trends

Deterministic trend

Vi = Bo + Bt + 'Wt”M'MA(P’O‘CV)

where 7, is ARMA process.

Stochastic trend

Ye=Bo+ frt+m o v e 1 9)

where 7; is ARIMA process with d = 1. homa  ponmshebioaeny
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Stochastic & deterministic trends

Deterministic trend

Vi = Bo + Bit + 1

where 7, is ARMA process.

Stochastic trend

Vi =Po+ it +n

where 7, is ARIMA process with d = 1. ASIDE:
Difference both sides until r is stationary: Y., Bt Rilt-)ey,

Ve=bitnp = |9 BTyt
-

where 7, is ARMA process. 0, ~ Aemale,0,q)
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Air transport passengers Australia

aus_airpassengers |>
autoplot(Passengers) +
labs(y = "Passengers (millions)",
title = "Total air passengers'")

Total air passengers
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2
E
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&“ 20-
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Year [1Y]
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Air transport passengers Australia

Deterministic trend
fit_deterministic <- aus_airpassengers |>
model (ARIMA (Passengers ~ 1 + trend() + pdq(d = 0)))

report(fit_deterministic) ¢%Lkamauv? AijAﬁk(Pjﬂx

Series: Passengers
Model: LM w/ ARIMA(1,0,0) errors

Coefficients:
arl trend() ‘ntercept
0.9564 1.415 0.901
s.e. 0.0362 0.197 7.075

sigma”2 estimated as 4.343: 1log likelihood=-101
AIC=210 AICc=211 BIC=217
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Air transport passengers Australia

Deterministic trend
fit_deterministic <- aus_airpassengers |>

model (ARIMA (Passengers ~ 1 + trend() + pdq(d = 0)))
report(fit_deterministic)

Series: Passengers

Model: LM w/ ARIMA(1,0,0) errors Vi = 0.901 + 1.415t + Tt
Coefficients: Nt = 0.95677t_1 + &
arl trend() ‘ntercept
0.9564 1.415 0.901 & NID(O’ 4343)
s.e. 0.0362 0.197 7.075

sigma”2 estimated as 4.343: 1log likelihood=-101
AIC=210 AICc=211 BIC=217



Air transport passengers Australia

Stochastic trend
fit_stochastic <- aus_airpassengers |>
model (ARIMA (Passengers ~ 1 + pdq(d = 1)))

—_—

report(fit_stochastic) won—thakenary  ALIMA (p.1.9)

Series: Passengers
Model: ARIMA(0,1,0) w/ drift

Coefficients:
constant
1.419
s.e. 0.301

sigma®2 estimated as 4.271: log likelihood=-98.2
AIC=200 AICc=201 BIC=204
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Air transport passengers Australia

Stochastic trend

fit_stochastic <- aus_airpassengers |>
model (ARIMA (Passengers ~ 1 + pdq(d = 1)))

report(fit_stochastic)

Lo Slof
Series: Passengers A L%«UL“H
Model: ARIMA(0,1,0) w/ drift Vi — Vi1 = 1.419 + ¢
Coefficients: Ve = Yo + 1.419t+ ntl wivedent
constant - + “
1.419 Mt = Th=1™ €t
s.e. 0.301 er ~ NID(0, 4.271).

sigma®2 estimated as 4.271: log likelihood=-98.2
AIC=200 AICc=201 BIC=204
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Air transport passengers Australia

Forecasts from trend models
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Air transport passengers Australia

aus_airpassengers |> autoplot(Passengers) +
autolayer (fit_stochastic |> forecast(h = 20), colour = "#0072B2", level = 95) +
autolayer (fit_deterministic |> forecast(h = 20), colour = "#D55E00", level = 95,
alpha = 0.65) +
labs(y = "A1ir passengers (millions)", title = "Forecasts from trend models")

Forecasts from trend models
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Forecasting with trend

m Point forecasts are almost identical, but prediction intervals differ.
m Stochastic trends have much wider prediction intervals because the
errors are non-stationary.

m Be careful of forecasting with deterministic trends too far ahead.
CSHL[AAJ‘HC Pmbwbuf he Dafer #PALMVI)
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