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Exponential smoothing



Historical perspective

Peve loped i= 4re US navy for A/wlﬁwj spowe povits
|—'>
m Proposed in the late 1950s (Brown 1959, Holt 1957 and Winters 1960
are key pioneering works) as methods (algorithms) to produce point

o ‘ﬂ‘w e reasen ret populorr

forecasts. b ot sBCiame .

LE*CP \ m Forecasts are weighted averages of past observations, with the weights
. o
v decaying exponentially as the observations get older.

m Framework generates reliable forecasts quickly and for a wide spectrum
of time series. A great advantage and of major importance to

applications in industry. w5l exubere 1n nsivess

- S'IvovK berclr mourk s
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Combine components

m Combine components: level /; , trend (slope) b; and seasonal s;

to describe a time series
Ve = f(lt_1,bt_1,St-m) = 3mn° f (&, br, Same )

m The rate of change of the components are controlled by
“smoothing parameters”: o, J and 7 respectively. — roct <lide

m Need to choose best values for the smoothing parameters (and
initial states).

m Add error £; to get equivalent ETS state space models developed
in the 1990s and 2000s, /77" s oo skt e

» Pioreer Rodph Suyder (Hox] boole ciifn Rob Hyndamen,
Avne kaebhler § Leihn 004, 2009) 5
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Big idea: control the rate of change (smoothing)

(l/\eigM— ,ove~ s (;os-'l'\cv oF fe sevie.:'l
o controls the flexibility of the level /;

m If « =0, the level never updates (mean)
m If a = 1, the level updates completely (naive)

— Cslope ) uguadly

7 controls the flexibility of the trend b;
o0& *, B f 1

m If 3 =0, the trend is linear (regression trend) (Wm o fo Uow )
m If 5 = 1, the trend updates every observation

~ controls the flexibility of the seasonality s;

m If v = 0, the seasonality is fixed (seasonal means)
m If v = 1, the seasonality updates completely (seasonal naive) 6
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A model for levels, trends, and seasonalities

We want a model that captures the level (¢;), trend (b;) and
seasonality (s¢).

How do we combine these elements?



A model for levels, trends, and seasonalities

We want a model that captures the level (), trend (b;) and
seasonality (s¢).

How do we combine these elements?

Additively?

¢
Yyt =li_1+ bt 1+Stmtet -

Multiplicatively?

Ve = l_1bt—15t—m(1 + ¢)

Perhaps a mix of both?

Ve = (b_q + bt_1)St—m + &t

witd A (o)7?)
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A model for levels, trends, and seasonalities

We want a model that captures the level (¢;), trend (b;) and
seasonality (s¢).

How do we combine these elements?
Additively?

Ye=Lli_1+bi_1+St_m+e;
Multiplicatively?

Ve = l_1bt—15t—m(1 + ¢)

x {lemee pove Mo Do equaken

Perhaps a mix of both? ges s
Ve = (b_q + bt_1)St—m + &t

~N
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ETS models

General notation ETS : ExponenTial Smoothing

Error Trend Season

model (ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive ("A") or multiplicative ("M")



ETS models

General notation ETS : ExponenTial Smoothing

Error Trend Season

model (ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive ("A") or multiplicative ("M")

Trend: None ("N"), additive ("A"), multiplicative ("M"), or damped
("Ad" or "Md").



ETS models

General notation ETS : ExponenTial Smoothing

Error Trend Season

model (ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive ("A") or multiplicative ("M")

Trend: None ("N"), additive ("A"), multiplicative ("M"), or damped
("Ad" or "Md").

Seasonality: None ("N"), additive ("A") or multiplicative ("M")

wbi sovs oF Hew v Weo 20 dels ‘v pracheo edook
e Heme many G pinadovs ( ) 210 I/IPGLt.{--f%uz 8
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Models and methods

m Algorithms that return point forecasts.



Models and methods

m Algorithms that return point forecasts.

m Generate same point forecasts but can also generate forecast
distributions.

m A stochastic (or random) data generating process that can
generate an entire forecast distribution. L qu gonemte somefuip

thak focks Lk data
m Allow for “proper” model selection.
- vd  koebler, Smnée/, (19a%, TAS4)

SA 1 9

v machivo Q,zq_yn\v\f wehﬂcz‘r (NN"J ore \n Eheay Mf”';w‘c Phé‘sz'
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Simple exponential smoothing

10



Simple Exponential Smoothing - SES

Iterative form

Vera)e = aye + (1 — @) Vi1

11



Simple Exponential Smoothing - SES

Iterative form

Verrt= aye+ (1 — a)Vge—q

A
N :o(&-r("“‘)‘j\/o
ﬂl(l

11
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Simple Exponential Smoothing - SES

Iterative form

Verrt= aye+ (1 — a)Vge—q

8 d&-r("“‘)%&o
ﬂl(l
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Simple Exponential Smoothing - SES

Iterative form

Verrt= aye+ (1 — a)Vge—q

8 d&-r("“‘)%&o
ﬂl(l

n - Xyt Cl"x)%\zli
Yelz Jz

11


George

George

George

George

George

George

George

George

George


Simple Exponential Smoothing - SES

Iterative form
Verrt= aye+ (1 — a)Vge—q

8 d&-r("“‘)%&o
ﬂl(l

n - Xyt Cl"x)%\zli
Yelz Jz

)
QLH; = XY . Js e

11
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Simple Exponential Smoothing - SES

Iterative form

Verrt= aye+ (1 — a)Vge—q

8 d&-r("“‘)%&o
ﬂl(l

n - Xyt Cl"x)%\zli
Yelz Jz

) 4
Q#Iz N X?J L

;

A - 4 (1-«) 4 11
yﬂ.,T—MT SRS
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Simple Exponential Smoothing - SES

Iterative form

Vera)e = aye + (1 — @) Vi1

Weighted average form

T-1 _
Yroar = 2 ol — aPyr_j+(1— )l
j=0



stort foom

n A
Yrwrgr = Y F (1=) Yrir-1
—

= D‘ﬂ-r + ("“") 'Eo( :jT-l * (I—a() 3T—| '"r-?_]

= Xy ®(-x) Yo, * (-1 laf-ll'r—z

—_—
-~ X 31’"’ 0(("'0() 51‘—- 1 (\-“)1 [_D( L«1'I'—7_ - (l'-a() C&'T"‘-IT'?j

3N
- 0([."11 "((l"’()j-r-l—fok(\-x)ztj-r—i* (l.-o(\ r?"l'—zl’r—g
wve dowt heve

\f mlnite data.

= owy A o«(r-.x\b_r_‘-f- n((\—b(\z%_l-f e +(l~°<yrla

Yourir = Yo —  owly stk obr mattevs
A

Yogrlr = L s e lzarn nodhing dowm rew tnfo
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Simple Exponential Smoothing - SES

Iterative form

Vera)e = aye + (1 — @) Vi1

Weighted average form

T—1 i
Yregr = D all —a)yrj+ (1 — ) o
j=0
Component form
Forecast equation Vesajt =

Smoothing equation b= ayr+ (1 — a)li_q



Simple Exponential Smoothing - SES

Iterative form

bt Gy g b

Vt+1|t= ayi+ (1 — O‘))A’tlt—l = Gereer = led

Weighted average form

T—1 )
Yregr = > all —a)yrj+ (1 — ) o
j=0
Component form
Forecast equation Vesajt = e

Smoothing equation b= ayr+ (1 — a)li_q
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vesajt = e

Smoothing equation b= ay: + (1 — a)li_q

12



ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vesajt = e

Smoothing equation b= ay: + (1 — a)li_q

‘Q'."_M method [ model
Residual: et =Vt — Vt|t—1 =Yt — ‘gt—l-

12
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vesajt = e

Smoothing equation b= ay: + (1 — a)li_q

Residual: et =Vt — i\/t|t—1 =V — ‘et—l-

Error correction form

ye = li_1+ e
Ce=Li_q + alyy — le_1q)

= (i1t aey



ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vesajt = e

Smoothing equation b= ay: + (1 — a)li_q

Residual: e; = yt — Vyjt—1 = ¥t — le_1.
ye = li_1 + e
Ce =l +alyy — leq)
= (i1t aey
J‘
S

Vo

pecify probability distribution for e;, we assume e; = £; ~ NID(0, ¢?). 2
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ETS(A,N,N): SES with additive errors

An c\;\; Measurement equation ye = b1+ et
o State equation Uy =li_q + e

where g; ~ NID(0, 02).

m innovations or single source of error because equations have the
same error process, c;.

m Measuremen ahabfign: Félationship between observations and
states.

m State equation(s): evolution of the state(s) through time.

13
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ETS(A,N,N): SES with additive errors

An c\;\; Measurement equation ye = b1+ et
o State equation Uy =li_q + e

where g; ~ NID(0, 02).

m innovations or single source of error because equations have the
same error process, ct.

ov obcev

m Measurement€quation: relationship between observations and

states.
m State equation(s): evolution of the state(s) through time.
@uESTfO/\//MOMGWOK\L ¢ ahef ho\waf\ vhon x=1 (-) i
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ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 02)

m Substituting Vi1 = (1 gives:
> ¥ =g+l agy

> e =Y — Vi1 = li_q€¢

14



ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = v Ve NID(0, o'?)

Yt|t—1
m Substituting Vi1 = (1 gives:
> ¥ =g+l agy

> e =Y — Vi1 = li_q€¢
Measurement equation

State equation

Recald - td(': t’{—l '(’C.t.
le = Qe +XE,

ye = l_1(1+&¢)

Ue =l 1(1+ acy)

14
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ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 02)
m Substituting Vi1 = (1 gives:
> Ve =l lqEe

> e =Y — Vi1 = li_q€¢
Measurement equation Vi = li_1(1+ &)

State equation b=t 1(1+ agy)

‘U\e(j awe dilfesent moselg

m Models with additive and multiplicative error;dith the same
-~ parameters generate the same point forecasts but different

*
& prediction intervals. 3
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PES L TETS

Residuals (response)

* for alh mepnads € modeds
€t =Yt — Yijt—1 5 resid = €

15
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Residuals (response)

x for all mepnads € modleds

et =Yt — Vi1 £ .resid = €
Innovation residuals
Additive error model: % These owe oAdached

~ A lo fne mooted

Et =Yt — Yijt—1 =%+ ool At fid
Multiplicative error model: > bie pake asCumphons

A abhat these
A _ Yt = Yit—1 A
Et= —~— f t % nnev = &

Yt|t—1
15
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Models with trend

16
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Holts  Hend

me Mo d

/S’@f Co v Pome/n" {Lovwmi

F-G-fem s'" e,qu,o\_‘-{om .

Smooihing

¢
Lewvel
Zﬂ wedd e

‘é/enz\cl

h-?i‘lcp clope
A . h b/ n U'f“’-”"/gi“m—/‘d’wf
Yorns, = b T .

by = oy, + (<) ]

ElEt-

= XY+ (|~o<)((t—| +J°t-‘>

be = F,r /L*-&”') A (1_F*j be.,
—_

—
cuvvent slope Lot 2ottimated
(O"WMEZ i ectivmate (Mel) glepe
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Holt’s linear trend method

Component form

Forecast Veshjt = £t + hby

Level le=aye+ (1 — a)(le_q + be_1)
Trend by = 8" (¢ — lt_1) + (1 — [*)by_1,



Holt’s linear trend method

Component form

Forecast Veshjt = £t + hby
Level le = ay + (1 — a)(le_q + be_4)
Trend by = B*(l; — lr_1) + (1 — 5%)b¢_1,

m Two smoothing parameters o and 5* (0 < «, 5* < 1).

m /; level: weighted average between y; and one-step ahead
forecast for time t, ({1 + b1 = V1)

m b; slope: weighted average of (¢; — ¢;_1) and b;_1, current and
previous estimate of slope. v e nmw hore 2povommelers

m Choose a, 3*, (o, bo to minimise SSE. s 2 Wil chiks 17
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ngw Covvection purv\/\

¢ e A i -
4 sk Jefem = Le-i ™ LY
A N ) t
- =D ﬂb gku_
£ = ‘JE utle... .

// S ~NAD (0,52) (OH Cﬁ“)
=> Y= L, b, 1 &
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ngw Cowz,cj{nw purvw

A LY
= -4 = = Shb -y L7 Lt _b(__l
SR PR R R R

£ ~mp (0,5%)
=> Je* Lt_. 1 bt_, 1/ (Obc €m )

ge ) D(Uk ) C['—D(\ (Q(." ! bt"') = KJ{- * LE-I Fhea = A, TX LG-—\

= b they 4 (8- (oo 4 b, )

¢ ~ NID (0,62)

1

Dbt bt b v el (Levt equ )


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George


Fr (-t )« (-p*) b,
FA Le - F*l*'" * b, - Fk be-,
M oswb v Le

[?k (Le-v =+ by, *“tk) - F*Lt—ﬂ the, - p be_‘

M.l * F}bf-‘-f xR*e, F% 1 Dy, "%ﬁ-l

s ~ NID 2
b(——. - “F’,/Q{? e (O.ﬁ'> (TIEv\J U?"‘\
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ETS(A,A,N)

Holt’s linear method with additive errors.

m Assume e = y; — {i_1 — bi_1 ~ NID(0, 0'2).
m Substituting into the error correction equations for Holt’s linear
method
ye = L1+ by g+

Uy = i1 + b1 + ey
< Deneleped i carly
_ *
bt = bt—l + Oéﬁ Et 000 o4 momath

m For simplicity, set 5 = a".

4
G szai = Qzpéex .
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ETS(A,A,N)

Holt’s methods method with additive errors.

Forecast equation Visnje = ¢ + hby
Observation equation Vi =li_1+bi_1+e;
State equations Uy = li_1 +bi_q + ey
by = by_1 + Bet
m Forecast errors: e;=y; — )“/t|t_1 ' /

A\

19
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ETS(M,A,N)

Holt’s linear method with multiplicative errors.

m Assume &; = —thtw}fbtbtlf) a-—g/—ﬂﬁ— # &

m Following a similar approach as é'Eove the innovations state
space model underlying Holt’s linear method with multiplicative

errors is specified as v S0 now we malhpiy by

le epnt ompenent

= (L1 + b 1)(1+ &)
ft = (li—1 + be_1)(1 + aey)
bt = b1+ B(li_1 + bt _1)ey

where again 3 = o5* and &; ~ NID(0, o2).

20
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Damped trend method

Component form

Verne = Ce + (@ + ¢?+ -+ ¢"by ~ do prodva mere
Gmsereive
Ui = ayr+ (1 — a)(l—q + ¢bt_q) boce wcls
bt = B*(ly — lr—1) + (1 — 5%)pb¢_1.
Assame $-09
h=1 ¢ b 04 hr

i g (o eom)ie
h=2 (‘q’_f’l_f,f‘i)BT (v & o + 9‘9’2‘{) bT
¢ ¢
as h—=>® ‘fﬂ—> o $+4%44%+ . . = — - —4 br (#’J/O"’”W*)

¢
21
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Damped trend method

Component form
Vernt = Lo + (@ + ¢*+ -+ )by
Ui = ayr+ (1 — a)(l—q + ¢bt_q)

bt = 5*(ly — li_1) + (1 — B%)pb;_1.

m Damping parameter 0 < ¢ < 1.

m If ¢ = 1, identical to Holt’s linear trend.

m Ash — 00, Yrsnr — Ir + ¢br /(1 — ¢).

m Short-run forecasts trended, long-run forecasts constant.

21



m Write down the model for ETS(A,Ad,N)

R erald Yo pged et gevreddor Loiwm . Stavd  coihn

A
et ; 3t . gf:lt»u = Sf - (Lt_l ‘ff bt—l)

> & ~ AIp (o,lﬂ—)
Re - avampe 7). Leo, + $b,., —t/&‘,/

22
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