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Exponential smoothing



Historical perspective

> Deve loped 1= fne US mavy for hreastivg spowe parits
m Proposed in the late 1950s (Brown 1959, Holt 1957 and Winters
1960 are key pioneering works) as methods (algorithms) to
produce point forecasts. L oo i ramvon ot pepulee
yet | ™ Forecasts are Welghteda averages of past observations, with the
oef \\ weights decaying exi)monentlally as the observations get older.
m Framework generates reliable forecasts quickly and for a wide
spectrum of time series. A great advantage and of major

importance to applications in industry.
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Combine components

m Combine components: level ¢, trend (slope) b; and seasonal s; to
describe a time series

Ve = f(le—1, b1, St-m)

m The rate of change of the components are controlled by “smoothing
parameters”: o, 5 and - respectively.

m Need to choose best values for the smoothing parameters (and initial
states).

m Add error =; to get equivalent ETS state space models developed in the
1990s and 2000s.



Combine components

m Combine components: level ¢, trend (slope) b; and seasonal s; to
describe a time series

Vi =f(€t_1, bt_1,5t_m) jT‘fh,T (e—r b SO )

m The rate of change of the components are controlled by “smoothing
parameters”: o,  and - respectively. - rocf <lide

m Need to choose best values for the smoothing parameters (and initial
states).

m Add error =; to get equivalent ETS state space models developed in the
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Big idea: control the rate of change (smoothing)

an.ang (heigt jovevard posiHov of fo sevies)
« controls the flexibility of the level /;

m If o = 0, the level never updates (mean)
m If o =1, the level updates completely (naive)

A — Cslope ) ueually
3 controls the flexibility of the trend by
os x, B et

m If 3 =0, the trend is linear (regression trend) (wove o follown)
m If 3 =1, the trend updates every observation

~ controls the flexibility of the seasonality s;

m If y = 0, the seasonality is fixed (seasonal means)
m If v = 1, the seasonality updates completely (seasonal naive)
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A model for levels, trends, and seasonalities

We want a model that captures the level (¢), trend (b;) and seasonality (s;).

How do we combine these elements?



A model for levels, trends, and seasonalities

We want a model that captures the level (¢), trend (b;) and seasonality (s;).

How do we combine these elements?

Additively?

5 S 2
yt=£t—1+bt—1+5t—m+€t ——> & ~IdN Ci )

Multiplicatively?

Ve = le_1bt_1St_m(1+ &)

Perhaps a mix of both?

Yt = (Ue_1+be1)St_m + &t
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A model for levels, trends, and seasonalities

We want a model that captures the level (¢), trend (b;) and seasonality (s;).

How do we combine these elements?

Additively?

Ve =liq+ Dt 1+ St_m+et

How do the level, trend and seasonal
components evolve over time?

Multiplicatively?
Ve = le_1be1Se-m(1+ &)

Perhaps a mix of both?

Vi = (€s_1+ bt _1)St_m *+ &t

X So move —hmm/\ ene eqme-;‘—{on
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ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)



ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)
Trend: None (N), Additive (A), Additive damped (Ad).



ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)
Trend: None (N), Additive (A), Additive damped (Ad).
Seasonality: None (N), Additive (A), Multiplicative (M)

x Henw Moy combinahens ef tnete

x Theve owe Hvo wmove e we fﬁMVq cons . der Tvend: M MJ

v (w -H\ur\a S0 modadg (z2xsxz)— In Pfsu,]—au e conclde, hedd of dnera
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Models and methods

Methods

m Algorithms that return point forecasts.



Models and methods

» You chould nows be -ﬂo./vml/'tm o th
Methods Y diHterenu between aefnods 4

. . Mo:LU
m Algorithms that return point forecasts. =

Models

m Generate same point forecasts but can also generate forecast
distributions.

m A stochastic (or random) data generating process that can generate an
entire forecast distribution. L o pomereie Soehinng funk

1 ol blee devts.
m Allow for “proper” model selection. Loskes
- Ovd  koeher, SV\UJ@( (1q9v, T/U“A)
< gl (sl wmebthneds (NOs) ore 1m Ebesy Mfo/i{/twhﬁr_ phase. WA 1
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Simple exponential smoothing



Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1



Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1

JAY
5 ayt (1) %
‘31]1
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1

Y7 dar (Y
AN
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1

Y7 dar (Y
AN

N

Wele ~ P (1) %\Z/l
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1

Y7 dar (Y
AN

A
Yelz = %927 (=) ey

A

co)
gqlz = T N S
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- a)yt|t—1

JAY
By, “5.*("“%&
2]

N

Wele ~ P (1) %\Z/l

A

Yyip = <OsT Cee) Yy po
A

A
Yoprfr = XY T (1-=) SRARN
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- Cl)f’t|t—1

Weighted average form

T—1 .
Yrar =Y all—aYyr;j+(1 - )l

J=0
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Start droim

" A
Y gr T XY ¥ (1=« Yiro
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Simple Exponential Smoothing - SES

Iterative form

l7t+1|t =ayet (1- Cl)f’t|t—1

Weighted average form

T—1 .
Yrar =Y all—aYyr;j+(1 - )l

J=0



Simple Exponential Smoothing - SES

Iterative form

37t+1|t =ayet (1- 04))7t|t4

Weighted average form

T .
Jrag=>_ol1—alyr_j+(1—a)t

j=0

Component form

Forecast equation Veere = 4
Smoothing equation b= ay: + (1 — a)l_4



Simple Exponential Smoothing - SES

Iterative form

Vee = aye + (1= )i \ Lk de™ be = o= G

Weighted average form

T—1 .
)7T+1|T = Z a1 — CY)’YT—j +(1— )Tt

j=0

Component form

Forecast equation Veere = 4
Smoothing equation b= ay: + (1 — a)l_4
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vet = 4
Smoothing equation b= ay: + (1= a)l_4



ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vet = 4
Smoothing equation b= ay: + (1= a)l_4
*Pcﬂ any wmodel

Residual:)et =Y — Vej—1= Ve — be1.
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vet = 4
Smoothing equation b= ay: + (1= a)l_4

Residual: e; =yt — Yyt 1 =Yt — b 4. — ve-avromge

Error correction form
=liqte

Vi
b=l 4+ a(Yt —leq)

= (i1 + ey
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vet = 4
Smoothing equation b= ay: + (1= a)l_4

) . =2 h:&%k#ﬂ,&ﬂ*ffxtéw
Residual: e; =y — Vyje—1 = Yt — 1. = Leoo + x (g te)

Error correction form

Vi =liq+ 6
b=l 4+ a(Yt —leq)

= (i1 + ey
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ETS(A,N,N): SES with additive errors

Component form

Forecast equation Vet = 4
Smoothing equation b= ay: + (1= a)l_4

Residual: e; = y; — Vyt—1 = ¥t — 1.

Error correction form

Vi=Vli1+e
Uy = le_q + aly — li1)
* =l 4t e
\&:\\}\f‘ t—1 t
« <" Specify probability distribution for e;, we assume e; = &; ~ NID(0, o).
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ETS(A,N,N): SES with additive errors

Forecast equation Yeshit = Lt
e Observation equation Ve =l 1+ &
"
Wﬁ‘g State equation b = br_q + ey

where ¢; ~ NID(0, ¢2).

®m innovations or single source of error because equations have the
same error proceismitfwml -

| Observatlon/equatlon relatlonshlp between observations and states.
m State equation(s): evolution of the state(s) through time.
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ETS(A,N,N): SES with additive errors

Forecast equation Yeshit = Lt
e Observation equation Ve =l 1+ &
"
Wﬁ‘g State equation b = br_q + ey

where ¢; ~ NID(0, ¢2).

®m innovations or single source of error because equations have the
same error proceismitfwml -

| Observatlon/equatlon relatlonshlp between observations and states.
m State equation(s): evolution of the state(s) through time.

@LLFS’I’IOI\//HDM?WO'ZK: whot VWFP’/M when x=17
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ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 0?)
m Substituting Vy:_¢ = {4 gives:
> Vi = leq + gt

> et =Y — Yye1 = li1et



ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 0?)
m Substituting Vy:_¢ = {4 gives:
» Ve =l bqer = Lo, (V4ee)

> et =Yt — Yyr1 = bece

Forecast equation Veshie = Ut
Observation equation Vi = (14 &)
State equation by =l 1(1+ agy)
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ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 0?)
m Substituting Vy:_¢ = {4 gives:
» Ve =l bqer = Lo, (V4ee)

e =Yt — V1= l1et Teeald k- Levroe, = o= Loy mx bl T8
= Le-r (14X &)

Forecast equation Veshie = Ut
Observation equation Vi =l (14 &)
State equation by =l 1(1+ agy)


iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3


ETS(M,N,N): SES with multiplicative errors.

m Specify relative errors ¢; = % ~ NID(0, 0?)
m Substituting Vy:_¢ = {4 gives:
> Vi = leq + gt

> et =Yt — Vijt—1 = leet

Forecast equation Veshie = Ut
Observation equation Vi = (14 &)
State equation by =l 1(1+ agy)

-M,JLU owe ditterend Mo alad g

m Models with additive and multiplicative errors with the same
parameters generate the same point forecasts but different prediction
intervals. ™ ((. =)
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Residuals

Residuals (response)

~ X -\09-1 &,b(‘ mebhod ¢ ¢ models
€t =Yt — VYt . ed-el
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Residuals (response)

~ o {oe ol mebnod s ¢ models
et =Yt —VYit1 . o0 -e.

Innovation residuals

Additive error model: v dhese are abloched & de
podel § e At

£ = — Vip 4 =€

t yt ytlt ! : x We male eumphiong

Multiplicative error model: i G

A
» eV = 2(,

g - Vit — )7t|t—1 ‘e,
)7t|t—1 WA 2
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Models with trend
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Holt’s linear trend method

Component form

Forecast Veshe = Ce + hby
aye + (1 — a)(le_q + by_4)
B*(ly — br_1) + (1 — 8*)b;_4,

Level Uy
Trend b;



Holt’s linear trend method

Component form

Forecast Veshit = ¢ * hby
Level b= aye+ (1 — a)(leq + by_q)
Trend b = B*(¢y — be—1) + (1 — 8*)by_1,

m Two smoothing parameters o and 3* (0 < o, B* < 1).

m /; level: weighted average between y; and one-step ahead forecast for
time t, (¢t_1 + b1 = Jy¢_1)

m b, slope: weighted average of (¢; — ¢;_,) and b;_, current and previous
estimate of slope.

m Choose «, 3%, (o, bg to minimise SSE.

¥ e naw heve 2povomelers
omd 2 Wbl Chijes.
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Holt's linear method with additive errors.

m Assume & = Y — {;_q — bi_1 ~ NID(0, 2).
m Substituting into the error correction equations for Holt’s linear
method

Vi =liq+biq+e
Uy = b+ be_q + agy

bt = bt_-] + Oéﬁ*&ft * Deualﬁfed M eoul by 2099
o/t /Vlo/ve‘&‘lf\

m For simplicity, set 5 = a3*.

OAFQI => 0<peX
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ETS(A,A,N)

Holt's methods method with additive errors.

Forecast equation Yeshit = 4e + hby
Observation equation Ve =l 1+ biq+e
State equations by = ly_q + be_q + agy
bt = by + Pet
m Innovation residuals: & = y; — Vit Y

P
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Holt's linear method with multiplicative errors.

+ A dE T delen
m Assume e; = y—t(éfét1+},tbt1)1) > 4= NI pe
{lt—

m Following a similar approach as above the innovations state space

model underlying Holt's linear method with multiplicative errors is

specified as "
. G e m 64

Ve = (lq + beq)(1+ &) fmm::m WPMZ,L

e = (leq + beq)(1+ azy)

by = by + 5(&—1 + by _1)er

where again 3 = a* and e; ~ NID(0, o).
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Damped trend method

Component form

Jreng =lr+(p+ >+ + oMb o o s
et = OCYt i (1 - a)(gt 1 + ¢bt 1) Qﬂéfrﬁe

b; = ﬁ*(& e 1) (1- )¢bt 1

Assnme  ¢$-09
h=1 4”'( 004 hr
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Damped trend method

Jreng =lr+(p+ >+ + ¢")by
b= aye+ (1= a)(leq+ ¢be 4)
b; = 5*(& be_ 1) ( )¢bt 1.

m Damping parameter 0 < ¢ < 1.

m If ¢ =1, identical to Holt's linear trend.

B As h — 00, Jrunr — U1 + ¢br /(1= 9).

m Short-run forecasts trended, long-run forecasts constant.



m Write down the model for ETS(A,Ad,N)

Recald Yo e et ovreddon Loimn.  Stant b
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