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Forecasting with ETS models
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ETS models

General notation ETS : ExponenTial Smoothing

Error Trend Season

ETS(y ~ error( ) + trend( ) + season( ))

Error: Additive ("A") or multiplicative ("M")
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Trend: None ("N"), additive ("A"), multiplicative ("M"), or damped
("Ad" or "Md").



ETS models

General notation ETS : ExponenTial Smoothing
TN

Error Trend Season

ETS(y ~ error( ) + trend( ) + season( ))

Error: Additive ("A") or multiplicative ("M")

Trend: None ("N"), additive ("A"), multiplicative ("M"), or damped
("Ad" or "Md").

Seasonality: None ("N"), additive ("A") or multiplicative ("M")



ETS(A,N,N): SES with additive errors

Observation equation Vi = b1 + &t
State equation Uy = b1 + et

where g; ~ NID(0, 02).

m innovations or single source of error because equations have the
same error process, c;.

m Measurement equation: relationship between observations and
states.

m State equation(s): evolution of the state(s) through time.
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ETS(A,A,N)

Holt’s methods method with additive errors.

Forecast equation Visnje = ¢ + hby
Observation equation Vi =li_1+bi_1+e;
State equations Uy = li_1 +bi_q + ey
bt = bt_1 + Bet

m Forecast errors: €t = y; — Vy¢_1
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bt = b1 + Bet

Three intereshBvyp cales

(1) =0 bgw by, - b Slope is comnstont =l chompes
enravle« L,
(z) x=0 => F-_O = kuae bg- LE——--: .. =b 7o pe w=t chowng iy
e\fo  fez Lo, ot beo, ek ant elrovprg
ls + bo becowen NPT ot


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3


T hvee inteves h"j’ Ca 2%

Ye=Lli1+bt g +et

= by +by_g + 0y (1) B=0  berbg, Too-=b  <lope is cametont - oll clhanpes
bt = be—1 + Bet baromgh lb
(2) x=0 =5 pe0 => kuw bpsb =. =b  dhpe ast chemriy
e\fo Lt Leos 4 beo, ek ant chrovmpog
A‘fbo b €comnnen )v«f:—v-’vﬂ—']‘.

(3) F,:o (rlor;a - Chrswvngbvy b \ ad L= L


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3


T hree

Ye=Lli1+be g +et

Interee Bvy coes

b=l 1 +by 1+ 0z (1) B=0 be= bey = - =b  clpe is comstomt - etl dhanpes
bt = be—1 + Bet bnrovg b lb
(7-) x=0 => ,2'—0 => hna LE" "E——-: . =b ﬂof& wo t chempig
2\ ¢s les Leoy # beo, (122%4 =t ol/uw»-fuw&;
la + bo o €coen :"“V" Font
3
( ) f5=0 (-rlofe -k d’"’""(f“’f b \ o d o= L

(jE - b’—r" 5&—- t St
=> (é‘=l-t

l'f': L"'l "bl—l + SQ‘


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3


Thrvee
V=l q1+biqtet )
by = ly_q +bi_q + gt (1) ]3=O bew by T v --
bt = bt—i + ,BEt ﬁnruwj h
(7') x=0 => F—_O

A s

(3) p=0 (rlor;e o vy b

(j'-' - b’"" 5&"1 4 &

lA"- (/T'I + bl—l -+ 8{,

20(4.3“‘ P/gaf (S @ E) @ v Obs equ

= (6‘ = lt =) H(--.

interes Bvp cates

= b <lepe s constomt = oll clhompes
lb
=> kv bgsb_=.. =b  dope ast chemriy
2\¢o Ces Lo + b, lvad  ant clrormpog
lo £ bo  Lecoumes “’“V‘**“"‘*
oL T

= a{__' /-@

tdt: b + 3€_|-+ £,


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3


Ye=li1+beq+e;
le=Lliq+be g +ae;
bt = b1 + Bet

(3) p=0 (rlafe -t cswgivy b

(jE - b’—:" 5(——. t &

b= Lemi 4 by + &

20(4_5 h Pfoﬂlc

T hree ‘/v\f}&/&f’ /1\/‘_74 Can 28

(1) B=9° bgw bgy = --= b Slope i< constomt = oll clhompes
{g,‘ruv\jlﬂ lt_
(7-) x=0 => ]?'—U = lna LE': LG——-: .. =b ﬂof< wo t chempig
FANE) les Leoy # beo, oA ant clronpog
lot b besomman hoper it
/@
\ and o= T
- gl w4l — @)

es () d‘@ o Obs equ

RANVDoM WALL (11T

N DRIFT MOPEL
'Jt‘ b+ 3&—1* gl

A
Yrswin = 977 hb DRIFT METHOD


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

George

George

George

George

iPad Pro 11" 3

iPad Pro 11" 3


ot b | =
tn b= 3_— (‘Jt"ﬂt-.)L

[., chew
™ 2
N " »
(ﬁmsudeﬂ vesidnaAc Ce = Y~ 9':'*—. - ge_ ge_‘ - b [ t-2,... ,T
.
"TL\I_"\ min -('S—(S N“"L_ o b q/ Z- (lﬂ\.'rg‘ "ID)'Z: O
Mo t=2


George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

George

iPad Pro 11" 3


ETS(A,A,A)

Holt-Winters additive method with additive errors.

Forecast equation Virhit = Lt + hbt + Ston—m(ks1)
Observation equation Vi =li_1+bi_1+Si_m+et
State equations Uy = b1+ bi_1 + ey

by = bt_1 + Be¢

St = St—m t Y€t

m Innovation residuals: &; = y; — Vi1
m kis integer part of (h — 1)/m.



ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.
Forecast equation Vet = (ét + hby)Stsp— mik+1)
(Lveav Frend Seaspnal = mulh puwﬁ\m ez,
Observation equation Yt = (Et 1+ Lt 1)St—m(1 +&¢)
State equations by = (Ui_1 + bi_1)(1 + avey)
bt = bt_1+ B(lt_1 + br_1)e;

St = St—m(1+7yet)

m Innovation residuals: &; = (y; — V¢jt—1)/Vet—1
m kisinteger part of (h — 1)/m
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ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.

Forecast equation Ven|t = (ét + hb¢)Steh_ m(k+1)
vneq.v+ ven JL Seasonad = mulh PW»A\(& Seg S,

Observation equation Yt = (Et 1+ bi_1)se—m(1+ &)
State equations by = (Ui_1 + bi_1)(1 + avey)
bt = be_q + B(lt_1 + bt_1)et

St = St—m(1+7yet)

> Rewall = we male asqumpdng abouk these A A response vesids

m Innovation residuals: &; = (y; — Veje—1)/Vee—1 ¢ €64y ., o heleoscednche
m kis integer part of (h — 1)/m. « homie, e heed Ho dromsform .
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ETS model specification

ETS(y ~ error("A") + trend("N") + season('"N"))

ini Had 4’7*6
By default, optimal values for «, 3, v, and the states at time O/are
used.

The values for a, [ and y can be specified:

trend("A", alpha = 0.5, beta = 0.2)
trend("A", alpha_range = c(0.2, 0.8), beta_range = c(0.1, 0.4))
season("M", gamma = 0.04)
season(""M", gamma_range = c(0, 0.3))
Q You puoloslily ravert e Fnie
M poch . bt yon Cown
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Exponential smoothing methods ( A 'l:a><onovvnj,)

Seasonal Component
Trend N A M
Component (None) (Additive) (Multiplicative)

N  (None) (N,N) (N,A) (N,M)
A (Additive) (AN) (AA) (A,M)
Aqs (Additive damped) | (Ag,N) (Aq,A) (Ag,M)
(N,N):  Simple exponential smoothing © 0 198D’ 60" e ortim, J.: rer®
(A,N):  Holt’s linear method SR (i G
(Ag,N):  Additive damped trend method v (ooked of diHfecent @uilzhmtions
(AA):  Additive Holt-Winters’ method (Tormes Todglor, Onford  dommped
(A,M):  Multiplicative Holt-Winters’ method awlhy fred 2002

(Ag,M): Damped multiplicative Holt-Winters’ method 10
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Exponential smoothing methods

Seasonal Component
Trend N A M
Component (None) (Additive) (Multiplicative)
N  (None) (N,N) (N,A) (N,M)
A (Additive) (AN) (AA) (A,M)
Aqs (Additive damped) | (Ag,N) (Aq,A) (Ag,M)
(N,N):  Simple exponential smoothing
(AN): Holt’s linear method
(Ag,N):  Additive damped trend method There are also multiplicative
(A,A):  Additive Holt-Winters’ method trend methods (not
(A,M):  Multiplicative Holt-Winters’ method recommended).
(

Ag,M):  Damped multiplicative Holt-Winters’ method 10



ETS models

Additive Error
Trend
Component

N  (None)

A (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N  (None)
A (Additive)

A4 (Additive damped)

x MoneCh Conf\f;ku/ﬂ on

Seasonal Component
P 2. b, Qa/[ﬁl',@“aw//ha/j

N A M

(None) (Additive) (Multiplicative) o
A,N,N ANA AN,M
A,AN AAA AAM
A,Aq4,N AAqA A,A4,M
Seasonal Component

N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,A,N M,AA M,AM
M,A4,N M,Aq4,A M,A4,M 1
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Exponential smoothing models

Additive Error
Trend
Component

N  (None)

A (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N  (None)
A (Additive)

A4 (Additive damped)

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
ANN  ANA ANLM —
AAN AAA Addd o 5 b
AA4,N AAq4,A L]

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,AN M,AA M,AM
M,Aq4,N M,Aq,A M,A4,M 1
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Additive error models

Trend

N

Seasonal -

A

M

V=01 t&
gt = Zt—l +ags

Yt =Cr1 HSt—ml+ &t
Zt = €t_1 +ags
St =St-mt V€t

9t = o fst_m+ &

€t = €t_1 + aet/st_m
St =St—m+ye/liq

vt =0 ﬂbt,ﬂ +é&

Zt = Zt—l +bt—1 +aey
by =bi1 + Pet

V=l +bi +Stemt et
ft = €t_1 Sk bt—l +ags

by =bi1 + et

St =St-m+ V&t

Yt = (Cr—1 +by_1)St—m + &t
€t = et_l + bt—l + aSt/St_m
bt S bt—l + ﬁet/st_m

st =St-m+yer/(Cr-1 +bs1)

Aq

e =1 +Pbe_y [+ &
€t = et_l + bt—l +acy
by = ¢pbr1 + Bey

Yt = L1 + Py + St + €t
gt = €t_1 + ¢bt—l +acy

bt = pby_1 + Bet

St =St-mt VEr

Ve = (Cr-1 + Pbr-1)St—m + &
Cr =01+ by +acei/spy
by = bi_1 + Bet/stm

St = St-m + yer/(Cr—1 + Pbi_1)

13
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Additive error models

Trend Seasonal
N A M
N V=0l +& V=l 1 +Spom+ & Yt = 1St + €t
€t=€t_1 +ags €t=€t_1+ast €t=€t_1ja£t St—m X
St =St_m+ VEr St = Stm N yes/l
V=01 +big e V=1 b +s5mter Yt = (Cr—1 +by_1)St—m + &t
A Zt = Zt—l +bt—1 +aey ft = €t_1 + bt—l +ags €t = et_l + bt—l AEL/St_ipy
by =bs_1 + ey by =bs_1 + et by = b1 {Per/stm
St =St_m + V€ st = St—m | vEe/(C—1 + b1
V=01 +Pbrg + & Yt = L1 + Py + St + €t Ve =1+ Pbi_1)si—m + &
Aq b=+ Qb +agy b =01 +Pbpg +agy Cr =1 + by +Haer/si

bt = pby1 + et

bt = pby_1 + Bet
St =St-mt VEr

by = pbi_1 +[Bet/st—m
st = St-m Hyer/(Cr—1 + Pbi_1)

13
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Multiplicative error models

Trend Seasonal
N A M
N Ve =11+ &) Yt = (Cro1 +St-m)(1 +&4) Vi = 15t-m(1 + &)
gtzgt_lﬁl+0(é‘£i ft:€t_1+a(€t_1 +St_m)£t Zt:€¢_1(1+aet)
5t =Stom + Y (Cr-1 +St_m)ét st =St-m(L+yey)
Yt = (61 +bi1)(1 + &) Vi = (Cr—1 + b1 +5p ) (1 +&p) Yt = (Cr-1 +bp_1)st-m(1 + &)
A b= (61 +bs1)(1 + agy) O =01 +bp g +a(li1 + b1 +5t_m)er O = (-1 +bi1)(1 +agy)
by = b1 +B(lr-1 +bi_1)es by =b1 +B(lr_1 + b1 +St_m)et by =by1+ (-1 +bs_1)es
5t =Stom + V(€r-1 + b1 +St_m)er st =si-m(l+yer)
V=1 +Pbr1)(1 + &) Yt = (Cr—1 + Pbr1 +5t-m)(1 + &4) Yt = (€—1 + Pbr_1)st—m (1 +€¢)
Aq O = (i1 + Pby_1)(1 + aey) =01+ Qb +a(Ciq + by +stm)er € = (Co1 + Pbr1)(1 + avey)

by = ¢by1 + B(Cr—1 + Pbs_1)es

by = b1 + B(Cr-1 + Pbp1 +5t-m)es
5t = St—m + V(lr—1 + Pbr_1 +St_m)et

by = b1+ B(lr-1 + Pbr-1)er
st =st-m(1+y€r)

14
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Model selection

Akaike’s Information Criterion

AIC= -2 Iog(L) + 2k
—=s penadty
where L is the likelihood and k is the number of parameters initial states estimated

in the model.

Corrected AIC

2k(k + 1)

M—-k—-1

which is the AIC corrected (for small sample bias).

AIC. = AIC +

Bayesian (Schwatz) Information Criterion

Bl Al ol 2l 2o (i et
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AIC and cross-validation

v\"«x
et d
N‘W

> filfivg acssled fo repeated froinmivp Seds

Ma‘fil'. You dopt need to do e Tusk AE the
e T moded b fhe whole dofs sef omd Cwpate
oot ‘N'ﬁj AIC and yom ewe dove.
ettty
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AIC and cross-validation

Is d:cwcl emough,

i gou |ae
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Automatic forecasting ( ouly becamse of e Madels)

From Hyndman et al. (UF, 2002): LTS (

m Apply each model that is appropriate to the data. Optimize
parameters and initial values using MLE (or some other
criterion).

m Select best model using AlCc:

m Produce forecasts using best model.

m Obtain forecast intervals using underlying state space model.

Method performed very well in M3 competition.
s Used cadaly m M&AC% b VWJF e by n
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Forecasting with ETS models

19



Forecasting with ETS models

Traditional point forecasts: iterate the equations for
t=T+1,T+2,...,T+h.

20



Forecasting with ETS models

Traditional point forecasts: iterate the equations for
t=T+1,T+2,...,T+h.

m Not the same as E(yh|X;:) unless seasonality is additive.

m fable uses E(Yh|Xt).

m Point forecasts for ETS(A,*,*) are identical to ETS(M, *,*) if the
parameters are the same. (o cxawpl ko WM)

20


George

George


Example: ETS(A,A,N)

Ye= Ly De_ T £
Le= Ly thoo, T X €

Yre1 = b1+ br + e
bg= be-, 1 BEe

Yrear = {r+ by
Y1e2 = lr41 + brig + €142
= (lr + br + aereq) + (br + Beri) + ere2
Yream = {r + 2br

etc.

21
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Example: ETS(A,A,N)

Ye= lemy Do, T4 ;
. 1 X
i:_ f:,‘,f*b*;;@ ! yrea = brtbrterg > e Jrer b7 ) = = ET N E/&i“ h)
Yreqr = b1+ br
Y1+2 = U141+ breg + €742
= (l1 + b1 + actsq) + (by + Bere1) + £742
Yreoir = 1+ 2b7

etc.

21


George

George

George

George

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3


Example: ETS(A,A,N)

Je= ley * be, tEr 3

yra =Llr+br+erg = E(Ej'm I"r): £7+ET+ E/@i-ﬂ/—r)

L= Ly # b T X £

be= be-y 1 fEC
Yrear = 1 + by
V142 = U141 + b1eq + €742
= ({1 + br + aersq) + (br + Bersa) + €142
Vregr = br + 2br [CWF@M o Holtr Ouaas brond meflnd)
etc.

¥ You ot naesl fo be obG Lo do #ris for exoum

¥ See past exown porpers
21
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Example: ETS(M,A,N)

3“(@*—' ! bfs~|) (11ee)
yre1 = (U7 + br)(1 + e744q) u:(u-.fb;,,)(.wgt)
Yrear = 1 + br.

Y1+2 = (U141 + b1i1)(1 + £742)
= {(l1 + br)(1+ aersq) + [br + BUlr + br)ersr]} (1 + €742)

Yrear = {1 + 2by

bt__ bk"l + T?(e-r»( 1‘bf»v)g“

r 1dent cod poinb bie cants

etc.
x Thir csen koo before B ETS goslids

x The wed bit Gmes poxt
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Forecasting with ETS models

Prediction intervals: can only be generated using the models.

m The prediction intervals will differ between models with additive
and multiplicative errors.

m Exact formulae for some models. (e ot poye )

m More general to simulate future sample paths, conditional on
the last estimate of the states, and to obtain prediction intervals
from the percentiles of these simulated future paths.

23
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Prediction intervals No you dort need fo ¥now fhere.

Pl for most ETS models: yr.n 1 == cop, where ¢ depends on coverage probability and
oy, is forecast standard deviation.

(A,N,N)
(A,AN)
(A,Ag,N)
(AN,A)
(AAA)

(AA4,A)

1+ a2(h — 1)}

fe (h— 1){a? + afh+ 132h(2h — 1)}]

1+0%(h — 1)+ 225 [2a(1 - 6) + 86} — ALY {20(1 — 6)+ Bol1+20 — ¢} ]
:1 +a?(h — 1)+ vk(2a + 7)]

1+ (h— 1{a?+aBh+ 132h(2h — 1)} + k{20 +~ + Bmlk + 1)}}

1+ a(h - 1)+ 22 (20(1L — 6) + Ao} — 2Ll {20(L - 6) + Bo(1+ 26 — 6"}

+7k(2a+7)+m{k1—¢m ¢m(1_¢mk)}:|

24
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