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ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)
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ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)
Trend: None (N), Additive (A), Additive damped (Ad).
Seasonality: None (N), Additive (A), Multiplicative (M)



ETS(A,N,N): SES with additive errors

Forecast equation Veshie = Ut
Observation equation Ve = liq+ et
State equation by = by 1 + aey

where ¢; ~ NID(0, o2).

m innovations or single source of error because equations have the
same error process, <.

m Obervation equation: relationship between observations and states.

m State equation(s): evolution of the state(s) through time.
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Holt's methods method with additive errors.

Forecast equation Yeshit = ¢ *+ hby
Observation equation Vi = liq+bi_q+e
State equations by = b1+ bi_q + gy
bt = bi_q + Py

m Innovation residuals: &; = y; — i1
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ETS(A,A/A)

Holt-Winters additive method with additive errors.

Forecast equation Veshit = bt * hbe + Spop_ k)
Observation equation Ve =l 1+ b1 +S_m+es
State equations by = li_q + be_q + agy

by = by_1 + Bey

St = St—m * V&t

m Innovation residuals: & = y; — Vit
m Ris integer part of (h — 1)/m.



ETS(A,A/A)

Holt-Winters additive method with additive errors.

Forecast equation Veshit = bt * hbe + Spop_ k)
Observation equation Ve =l 1+ b1 +S_m+es
State equations by = li_q + be_q + agy

by = by_1 + Bey

St = St—m * V&t

m Innovation residuals: & = y; — V1 = ¢ (resprmse vesidunis]
m Ris integer part of (h — 1)/m.
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ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.

Lineay trend x <ceqemne] = muld ceac

Forecast equation Veeit = (6 + hDO)Stap_miren)
Observation equation Vi = (b1 + be_1)st_m(1 + &)
State equations U = (6s_1 + bi_1)(1 + vey)

b;=bt 1+ 5(&—1 v bt—1)€t
St =Sem(1+ ’VSt)

m Innovation residuals: gt = (yt — yt|t7’l)/yt|t7'l
m Ris integer part of (h — 1)/m.
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ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.
Lineaw brend x ceqemned = mulfl ceac,

Veehit = (6 + hbt)$t+h—m(k+1)
Vi = (le_q + be_1)Se-m(1+ &)
lr = (b *+ be1)(1 + azy)
b; = bi_1+ B(li—1 + by_1)et
St = St_m(1+ 721

Forecast equation

Observation equation
State equations

VecoM Ne malw assuwphons obout Jhese
m Innovation residuals: & = (y; — Ve 1)/ Ve 1 7 ¢
m Ris integer part of (h — 1)/m.
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ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.

Lineay trend x <ceqemne] = muld ceac

Forecast equation Veeit = (6 + hDO)Stap_miren)
Observation equation Vi = (b1 + be_1)st_m(1 + &)
State equations le = (br_q + be_1)(1 + aey)

by = b4+ 5(&—1 + by 1)et

St = Se—m(1+ &)
VecoM Ne malw assuwphons obout Jhese n A S T

m Innovation residuals: & = (Ve — Jee—1)/Pre—1 7 €c €7 T Feier o iieroncesne
m Ris integer part of (h — 1)/m. v Uewee, no naed & deomeform
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ETS model specification

ETS(y ~ error("A") + trend("N") + season('"N"))

By default, optimal values for «, 3, v, and the states at time 0 are used.

The values for o, 8 and v can be specified:

trend("A", alpha = 0.5, beta = 0.2)

trend("A", alpha_range = c(0.2, 0.8), beta_range = c(0.1, 0.4))
season("M", gamma = 0.04)

season("M", gamma_range = c(0, 0.3)) K

Mo\/\ P/olva-bua, nesef r:Lo —Pln\tr A F"”j“*
LA g Covn ;Fjav wm( fo,
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Exponential smoothing methods : A ‘axonomy

Seasonal Component

Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) (N,N) (N,A) (N,M)

A (Additive) (AN) (AA) (A,M)

Ay (Additive damped) | (Ag4,N) (Ag,A) (Ag,M)

(N,N):  Simple exponential smoothing

(A,N):  Holt's linear method

(Ag,N): Additive damped trend method

(AA):  Additive Holt-Winters’ method

(A,M):  Multiplicative Holt-Winters’ method (ve Gondner ome Ford e
(Ag,M): Damped multiplicative Holt-Winters’ method . « s ~=r wssid et

du hbe mwr»\}c‘v'M_r f(&cé;u)
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Exponential smoothing methods : A ‘axonomy

Seasonal Component

Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) (N,N) (N,A) (N,M)

A (Additive) (AN) (AA) (A,M)

Ay (Additive damped) | (Ag4,N) (Ag,A) (Ag,M)

(N,N):
(AN):
(Ag,N):
(AA):
(A,M):
(Ag,M):

Simple exponential smoothing
Holt's linear method

Additive damped trend method
Additive Holt-Winters’ method
Multiplicative Holt-Winters’ method

X nbedned i 1959-60

x /o ﬂf/“"m - pesple wsed pomemedter
m{bl+rmy{hk

Loolced A O Lerent ombinabens
(Tormes Taglow  @xfard | donped w16

tiend v

2932)

Damped multiplicative Holt-Winters’ method
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Exponential smoothing methods

Seasonal Component

Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) (N,N) (N,A) (N,M)

A (Additive) (AN) (AA) (A,M)

Ay (Additive damped) | (Ag,N) (Ag,A) (Ag,M)

(N,N):
(A,N):
(Ag,N):
(AA):
(A,M):
(Ag,M):

Simple exponential smoothing
Holt's linear method

Additive damped trend method
Additive Holt-Winters’ method
Multiplicative Holt-Winters’ method

Damped multiplicative Holt-Winters’ method

There are also
multiplicative trend
methods (not
recommended).

\/e4J uwelebla
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ETS models

Additive Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

v Monash Cavkdbahon

Q‘Db/ Mptﬂ f c=-
ovsufhots in 2900

Seasonal Component
N A M
(None) (Additive) (Multiplicative)

AN,N AN,A AN,M s Sencrod P> dudentk
AAN AAA A,AM crorked o vueri s
AALN  AAGA AALM ek of frese
Seasonal Component
N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,A,N M,A,A M,AM
MAGLN  MAgA M,Ag,M
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Exponential smoothing models

Additive Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
AN,N ANA L ABLBA v So Jotod of
A;AyN A,A,A “rM- 15 models
A,Ag,N AA4A Ayl

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,A,N M,A,A M,A,M
M,Aq,N M,Ag,A M,Aq,M
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Additive error models

Trend Seasonal
N — A M
N v=Ci1 +& =4 + et Ve = CoSt—m &t
€t=€t—1 +ags €t=€t_1 +ag €t=€t_1+0(€t/5t_m
\ St =St-mt V& St =St—m+ye/liq
I
v V=01 Hbeg|+ & V=1 b +s5mter Ve = (-1 +br-1)St-m + &
A gt = gt—l +)bt_ +acey gl‘ = gt—l + bt—l +ags €t = €t_1 + bt—l T aet/st_m
wd by =bi1 + et by =bi1+Bet/st—m
\ St =St-m+ Ve st =5St—m+ye/(C-1 +br-1)
)
v 9t =1 +ipbi_y [+ & Y =C1+ Pl +siomt e Ve =1+ Pbi_1)si—m + &
Ad €t = et_l +@- aEy €t = gt—l + (Pbt—l +acy €t = gt—l + ¢bt—l +a5t/5t—m

bt = ??t—l +Per

bt = pby_1 + Bet
St =St-mt VEr

by = bi_1 + Bet/stm
St = St-m + yer/(Cr—1 + Pbi_1)
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Additive error models

Trend Seasonal
N A M
N V=0l +& V=l 1 +Spom+ & Yt = 1St + €t
€t=€t—1 +ags €t=€t_1 +ag €t=€t_1+0(€t St—m X
St =St-mt V€t St = St—m Hye/ i1
V=01 +big e V=1 b +s5mter Ve = (€r-1 +br-1)St-m + &
A gt = gt—l + bt—l +ags gl‘ = gt—l + bt—l +act €t = €t_1 +£ﬂi‘a€t/5t_m
by =bi_1 + Pet by =bi_1 + pey by =bi_1 4 Ber/st-m X
St =St_m + V€ st = St—m | vee/ (-1 +br—q
V=01 +Pbrg + & Y =C1+ Pl +siomt e Ve =1+ Pbi_1)se—m + &
Aq b=+ Qb +agy b =01 +Pbpg +agy =01+ b +‘a€t75t—m X
by = pby_y + Pet by = pbi_1 + Pes by = pby1 +|per/sr-m
5t =St-m+ Vet St = St-m +J7€t/(€t—l +¢b1)
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Multiplicative error models

Trend Seasonal
N A M

N p=oilre)l 91 = (o1 +seom)(1 +é1) v =Ciasim(l+e1)
14 =€t—1 G=C1 +allig +5i-m)ér G=C1(1+ag)

5t =Stom + Y (Cr-1 +St_m)ét st =St-m(1+yéer)
Yt = (61 +bi1)(1 + &) Vi = (Cr—1 + b1 +5p ) (1 +&p) Yt = (C-1 +bp_1)st-m(1 + &)
A b= (61 +bs1)(1 + agy) O =01 +bp g +a(li1 + b1 +5t_m)er O = (-1 +bi1)(1 +agy)
by = b1 +B(lr-1 +bi_1)es by =b1 +B(lr_1 + b1 +St_m)et by =by1+ (-1 +bs_1)es
5t =Stom + V(€r-1 + b1 +St_m)er st =si-m(l+yer)
V=1 +Pbr1)(1 + &) Yt = (Cr—1 + Pbr1 +5t-m)(1 + &4) Yt = (€—1 + Pbr_1)st—m (1 +€¢)
Aq O =(l—1 + Pby1)(1 + aey) =01+ Qb +a(Ciq + by +stm)er € = (Co1 + Pbr1)(1 + avey)
by = @byy +B(lr-1 + Pbr-1)er by = Pby1 + B(lr—1 + Pbr—1 +St-m)es by = b1+ B(lr-1 + Pbr-1)er

5t = St—m + V(lr—1 + Pbr_1 +St_m)et st = St-m(1 +yer)
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Model selection

Akaike’s Information Criterion

AIC ='—2 log(L) +2R
= Pens|
where L is the likelihood and k is the number of parameters initial states

estimated in the model.
Corrected AIC

_ 2R(k +1)
AIC. = AIC +@ﬁ

which is the AIC corrected (for small sample bias).

Bayesian (Schwatz) Information Criterion

BIC = AIC + R[log(T) — 2] = —2log(L) + [n(T)k
greoker permdby fo  T>2
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AIC and cross-validation

# MAGIC 2esnl T
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AIC and cross-validation

v eck: b neore anocmadi by
it yon horte MOV‘G’" dota o ¥

is food e/mov\alf\

ax THE ASCumpTiONS A#E

AZE NOT THAT STeerl6 x+#
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Automatic forecasting

eTs(): oml/% pesibl bewane of Ha
From Hyndman et al. (IJF, 2002): teds

m Apply each model that is appropriate to the data. Optimize parameters
and initial values using MLE (or some other criterion).

m Select best model using AlCc:

m Produce forecasts using best model.

m Obtain forecast intervals using underlying state space model.

Method performed very well in M3 competition.

] sed “)de/f/? 0% ;mdmd-ﬂa\ o ﬂ“\/\/‘ﬁwryfn?/
(f]%MZ ﬂt?lemh
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Forecasting with ETS models



Forecasting with ETS models

Traditional point forecasts: iterate the equationsfort=T+1,T+2,... . T+h.



Forecasting with ETS models

Traditional point forecasts: iterate the equationsfort=T+1,T+2,... . T+h. ,
(LW\A/{ ve do no

m Not the same as E(y;.n|X;) unless seasonality is additive.” (W;;W mo | K

m fable uses E(Vi.p|X;). Hrend )

m Point forecasts for ETS(A%*) are identical to ETS(M,**) if the parameters
are the same. [Su me oxwmpl tned  follows )
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Example: ETS(A,A,N)

Yo e tben * £ Yra = lr + br +erq
s 1 A< ~
bes et * ey ! Yra = 41+ by
%= ber < B, Yrea = lra + bra + et

= (r + br + aera) + (br + Bera) + erea

Yra = r +2br

etc.
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Example: ETS(A,A,N)

ldtt qu’fbt—\“‘il yT+1=€T+bT+€T+1 = E(ﬂ'ﬁ" I'r\: e_l’fb-r* E(g-r-rulw)
L= Leoy *bea T <€ yT+1|T=€T+bT
be= bee, * RE, Y12 = ‘€T+1 + bT+1 + ET140

= (01 + by + acra) + (br + Bera) + €142

Yra = r +2br

etc.
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Example: ETS(A,A,N)
(9]

Yo e tben * £ Vra =lr+br+erq = ¢ (g0 2 )= bt b + E(345 . )
b= Loyt ben T X Yra = lr+ by
be= bee, * RE, Y12 = ‘€T+1 + bT+1 + ET140

= (01 + by + acra) + (br + Bera) + €142

Yra = r +2br

etc.
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Example: ETS(A,A,N)
(9]

Yo e tben * £ Vra =lr+br+erq = ¢ (g0 2 )= bt b + E(345 . )
b= Loyt ben T X Yra = lr+ by
be= bee, * RE, Y12 = ‘€T+1 + bT+1 + ET140

= (01 + by + acra) + (br + Bera) + €142

a . \ 7 on |
yT+2|T=£T+2bT (Lowpwre 1o Hold's lineen trend mebn )

etc.
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Example: ETS(A,A,N)
(9]

Yo e tben * £ Vra =lr+br+erq = ¢ (g0 2 )= bt b + E(345 . )
b= Loyt ben T X Yra = lr+ by
be= bee, * RE, Y12 = ‘€T+1 + bT+1 + ET140

= (01 + by + acra) + (br + Bera) + €142

a . \ 7 on |
yT+2|T=£T+2bT (Lowpwre 1o Hold's lineen trend mebn )

etc.

¥ You wlunedﬁkesﬂﬂ&héhﬂlﬂolmwm

. Check paat exers
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Example: ETS(M,A,N)

lat_t u/tf‘ * bt»\) ({L)r ‘(’*)
b= (Lo ben ) (b1 1)
bt: })4—\ -+ F C{‘ftﬂ fb&'l) EL—

yra1 = (01 + br)(1+ £7.9)
Yrar = b1 + br.
Y12 = (lra1 + bra)(1 + e142)
= {(ET +br)(1+ aera) + {bT + Blr + bT)5T+1] } (1+e742)
Vragr = {7 + 2br

etc.


iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3

iPad Pro 11" 3


Example: ETS(M,A,N)

E(grci =)= (Le*be ) L1t E(elin)]
yre1 = (01 + br)(1+ £741)

Yrar = b1 + br.
Y1e2 = (Uriq + bria)(1 + £742)
= {(ET +br)(1+ aera) + {bT + Blr + bT)5T+1] } (1+e742)
Vragr = {7 + 2br

ldt_t u/tf‘ * bt»\) ({L)r ‘(’*)
TR (CIRDICEY
bt: }94—\ -+ F C{‘ftﬂ fb&'l) EL—

» ldenhcd paint loceconts witn ETS (A,A N)
etc.
 This won known tefore ETS pmosleds

A T “VJMWV" Crrne s N/X’!‘
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Forecasting with ETS models

Prediction intervals: can only be generated using the models.

m The prediction intervals will differ between models with additive and
multiplicative errors.

m Exact formulae for some models. (cee ruxt r)wﬁ)

m More general to simulate future sample paths, conditional on the last
estimate of the states, and to obtain prediction intervals from the
percentiles of these simulated future paths.
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Prediction intervals

Pl for most ETS models: yr.5r £ con, where c depends on coverage
probability and oy, is forecast standard deviation.

(AN,N)  op = 02[1+a2(h — 1)]

N

(AAN)  op=0 [1 + (h - ’I){oz2 +aBh + lﬂzh(Zh — 1)}]

N

(AAGN)  ap = 02 |1+ a2(h 1)+ £20 (2a(1 - 9) + B0} — AL (2001 - 62) + Bo(1+ 26 — o)} |

N

(ANA)  op=0 -'I +a?(h — 1)+ vRQ2a + 7)}

(AAR) oy =02 |1+ (h = ){a? + aph + 15?h(2h — )} +7k{2a + 7 + mlk + 1)}
(AAGA) o = o2 1+a (h—1)+1—ﬁ%{2a1— +Bo} — %{2041—# + Bp(1+ 26 — o)}

*h(2a+4) + 4Rt k(1 — ¢m) — 6m(1 — ¢™)} |



Prediction intervals

Pl for most ETS models: yr.5r £ con, where c depends on coverage
probability and oy is forecast standard deviation. ., p .. Joos g

(A,N,N)
(A,AN)
(AA4,N)
(AN,A)
(AAA)

(AA4,A)

o :1 +a2(h _1)]

Lrows dhee

1+ (h—1){a?+ aph + 132h(2h — 1}]
1+a%(h — 1)+ 22 {20(1— ¢) + B9} — 2eehs {2001 - ¢7) + 861+ 26 — 1)} |

:'I +a?(h — 1)+ vRQ2a + 7)}

(h—1){a? + aph + 132h(2h — 1)} +1k{2a + 7 + sm(k + 1)} ]

1+ a(h = 1)+ 220 {2001 - )+ 80} — P20 {2001 - 6+ Bol1+ 26 — o))

(1—oP (1—¢2(1—¢?)
+ k(20 + ) + i {R(1— ¢™) — (1 — ¢™)} |
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£¢ TS (a,v,n )  (dch mchod wnderlion hars

LJ& "‘Le-. t & &NN{O:Fl)
f,&—. @e—.—‘ x €

L5 nole forwowd  Tth slers

Jven = e'r%—l t Cian
- L"_-—\ vkevote back wewdn
= (T-(-h-z 4 E‘Hu-u t £'r4[,|

1

0 + ot [ €y t Sy 1o T S |t Eran

h-1

.

r
va/f(‘d-r-n./-r)= D(L[_U'z-f 4 . .. AFrJt0? = 0" (h"J AR

= gr[t+ ar(u-11]
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