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Stationarity and differencing
Backshift notation



ARIMA models

AR: autoregressive (lagged observations as inputs)
I: integrated (differencing to make series stationary)
MA: moving average (lagged errors as inputs)



ARIMA models

AR: autoregressive (lagged observations as inputs)
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MA: moving average (lagged errors as inputs)

An ARIMA model is rarely interpretable in terms of visible data structures
like trend and seasonality. But it can capture a huge range of time series
patterns.



ARIMA models

AR: autoregressive (lagged observations as inputs)
integrated (differencing to make series stationary)
MA: moving average (lagged errors as inputs)

An ARIMA model is rarely interpretable in terms of visible data structures

like trend and seasonality. But it can capture a huge range of time series
patterns.

Make data stationary (variance & mean), fit model, reverse, forecast.
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Stationarity

If {y:} is a stationary time series, then for all s, the distribution of
(Vt, . . ., Vis) does not depend on t.

A stationary series is: wThink shont distrinibions | meon
. o<  yanomce
m roughly horizontal

® constant variance
® no patterns predictable in the long-term
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Stationarity

If {y:} is a stationary time series, then for all s, the distribution of
(Vt, . . ., Vis) does not depend on t.

A stationary series is:

m roughly horizontal
® constant variance
® no patterns predictable in the long-term

m Transformations help to stabilize the variance.
m For ARIMA modelling, we also need to stabilize the mean.



Stationarity

If {y:} is a stationary time series, then for all s, the distribution of
(Vt, . . ., Vis) does not depend on t.

A stationary series is: AN — make deda strbenany (4)
m roughly horizontal - bei ld modd -
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m constant variance - veverse erery iy
® no patterns predictable in the long-term - gererste dorccasts

m Transformations help to stabilize the variance.
m For ARIMA modelling, we also need to stabilize the mean.
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Stationary?

gafa_stock |>
filter (Symbol == "GOOG", year(Date) == 2018) |>
autoplot(Close) +
labs(y = "Google closing stock price", x = "Day")
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Stationary?

gafa_stock |>
filter (Symbol == "GOOG", year(Date) == 2018) |>
autoplot(Close) +
labs(y = "Google closing stock price", x = "Day")
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Stationary?

gafa_stock |>
filter (Symbol == "GOOG", year(Date) == 2018) |>
autoplot(Ejfference(Clo§ggb +
labs(y = "Google closing stock price", x = "Day")
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Stationary?

aus_production |>
autoplot(Cement) +
labs(title = "Cement production in Australia")

Cement production in Australia (m Lok feale o i (?44;,)
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aus_production |>
autoplot(Cement) +
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Stationary?

global_economy |>
filter (Country == "Algeria") |>
autoplot (Exports) +
labs(y = "% of GDP", title = "Algerian Exports")
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Stationary?

aus_livestock |>
filter (Animal == "Pigs", State == "Victoria", year(Month) >= 2015) |>

autoplot(Count/1e3) +
labs(y = "thousands", title = "Total pigs slaughtered in Victoria")

Total pigs slaughtered in Victoria

110~

100~

thousands

90-

' ' '
2016 Jan 2017 Jan 2018 Jan
Month [1M]


iPad Pro 11" 3


Stationary?

aus_livestock |>
filter (Animal == "Pigs", State == "Victoria", year(Month) >= 2010) |>
autoplot(Count/1e3) +
labs(y = "thousands", title = "Total pigs slaughtered in Victoria")

Total pigs slaughtered in Victoria
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Stationary?

aus_Tlivestock |>
filter (Animal == "Pigs", State == "Victoria") |>
autoplot(Count/1e3) +
labs(y = "thousands", title = "Total pigs slaughtered in Victoria")
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Stationary?

pelt |>
autoplot(Lynx) +
labs(y = "Number trapped",
title = "Annual Canadian Lynx Trappings")
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Stationary?

pelt |>
autoplot(Lynx) + x e co a/l/mv\,a/t aleds
labs(y = "Number trapped", . C%M vt dene bl ey o
title = "Annual Canadian Lynx Trappings")
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Example: Google stock price

google_2018 <- gafa_stock |>
filter (Symbol == "GOOG", year(Date) == 2018) |>
mutate(trading_day = row_number()) |>
update_tsibble(index = trading_day, regular = TRUE)
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Example: Google stock price

google_2018 |>
autoplot(Close) + labs(y = "Google closing stock price", x = "Day")
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Example: Google stock price

google_2018 |>
ACF(Close) |> autoplot()
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Example: Google stock price

google_2018 |>
ACF(Close) |> autoplot()
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Example: Google stock price

google_2018 |>
autoplot(difference(Close)) +
labs(y ="Change in Google closing stock price ($SUSD)", x="Day")
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Example: Google stock price

google_2018 |> ACF(difference(Close)) |> autoplot()
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m Differencing helps to stabilize the mean.

m The differenced series is the change between each observation in the
original series: y; =yt — yt_1.

m The differenced series will have only T — 1 values since it is not
possible to calculate a difference y; for the first observation.

b 4 (T obs >
o %
— k//)f/—d«—r (1 obf)

Eﬁ?i = 327 9;:3]7'574
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Example: Google stock price

m The differences are the day-to-day changes.
Stk £ WN

m Now the series looks just like a white noise series:
» No autocorrelations outside the 95% limits.
» Large Ljung-Box p-value.
m Conclusion: The daily change in the Google stock price is essentially a
random amount uncorrelated with previous days.
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Random walk model

m Graph of differenced data suggests the following model:

Yi—VYVi1=¢er OF  Vi=Viqtes

where ¢; ~ NID(0, o2).

m Very widely used for non-stationary data.

m This is the model behind the naive method.

m Random walks typically have:
» long periods of apparent trends up or down. -
» Sudden/unpredictable changes in direction - stochastic trend.

m Forecast are equal to the last observation (Naive)
» future movements are unpredictable - movements up or down are

equally likely.

Kw f,_,a;\k_ s(* cxcl/vu\v‘\ﬂ
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Random walk with drift model

m If the differenced series has a non-zero mean then:

Vi—VYit1=C+er  Or Vi =CH+Yi q1+¢é;

where ¢; ~ NID(0, o2).

m c is the non-zero average change between consecutive observations.
m If ¢ > 0, y; will tend to drift upwards and vice versa.

» Stochastic and deterministic trend.
m This is the model behind the drift method.

X Waelle o{’ a drunk pulled ™ come divechion

¥ Co(mjrtﬁfa,hﬂh v oelle OF o drunk amd hir dﬁ(?
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Further differencing

m Occasionally you need to difference non-seasonal data twice.



Further differencing

m Occasionally you need to difference non-seasonal data twice.

m We seasonally difference seasonal data.

Ve =Yt —Vim

where m = number of seasons.

» For monthly data m = 12, for quarterly data m = 4.

» Seasonally differenced series will have T — m obs.
—t—t [ — Quartferty (w=4)
% 84 Yy 9w Is dr

| S — —t

45> Y5~ Is-a = 95 Yo

3’7"37 NG

(8 souds oo & varnivg)
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Seasonal random walk

If seasonally differenced data is white noise it implies:

Vi—VYVim=& OF Vi=Vimter

m The model behind the seasonal naive method.



Seasonal differencing

Common to take both seasonal and first differences. When both are
applied...



Seasonal differencing

Common to take both seasonal and first differences. When both are
applied...

m it makes no difference which is done first—the result will be the same.
m If seasonality is strong, we recommend that seasonal differencing be
done first because sometimes the resulting series will be stationary
and thetwill be no need for further first difference.
hWse this o wmpon palhc
- st differema am rever accownt Jor Seasenality

. ceas differene cam @me fimes he emoagh
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Unit root tests

Statistical tests to determine the required order of differencing.

Augmented Dickey Fuller test: null hypothesis is that the data are
non-stationary and non-seasonal.

Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test: null hypothesis is that
the data are stationary and non-seasonal.

Other tests available for seasonal data.



Unit root tests

Statistical tests to determine the required order of differencing.

Augmented Dickey Fuller test: null hypothesis is that the data are
non-stationary and non-seasonal. Ho: non-stationary

Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test: null hypothesis is that
the data are stationary and non-seasonal. Ho: stationary
Other tests available for seasonal data.
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Seasonal differencing

STL decomposition: y; = Ty + S; + R; x Ag Se— 0, Pokio— 1 Fs—>0

Var(Ry) ) y As Se > 0 pake — 0, F - 41

Seasonal strength F; = max (0,1 — Y3t}

If Fs > 0.64, do one seasonal difference.
E——
based en W?(\/\(/q_/f o dence
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pA Backshift notation |
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Backshift notation
¥y Bis a e fheomak i ced ope/m/#of <k a number (F opesafes on whot * cees on Uz .A.J,\Af)
m First-order difference is denoted as (1 — B)y;;

m Second-order difference is denoted as (1 — B)?y;;

m Second-order difference is not the same as a second difference, which
would be denoted (1 — B?)y;;

m In general, a dth-order difference can be written as (1 — B)qy;
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Backshift notation

m First-order difference is denoted as (1 — B)y;;
m Second-order difference is denoted as (1 — B)?y;;

m Second-order difference is not the same as a second difference, which
would be denoted (1 — B?)y;;

m In general, a dth-order difference can be written as (1 — B)qy;
m A seasonal difference is denoted as (1 — B™)y;;

m A seasonal difference followed by a first difference can be written as

(1—B™)(1 — By



Backshift notation

m First-order difference is denoted as (1 — B)y;
m Second-order difference is denoted as (1 — B)?y;;

m Second-order difference is not the same as a second difference, which
would be denoted (1 — B?)y;;

m In general, a dth-order difference can be written as (1 — B)qy;
m A seasonal difference is denoted as (1 — B™)y;;

m A seasonal difference followed by a first difference can be written as

(1—B7)(1— Bly:
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